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For a prime N we denote by X,,(N)(K) the set of K-rational points on the modul 
curve of elliptic curves with isogenies of degree N. We formulate arithmetical 
axioms for number fields K that imply finiteness properties of X,,(N)(K). To prove 
the results we use the nonstandard version of the Siegel-Mahler theorem (A. 
Robinson and P. Roquette, J. Number Theory 7 (1975), 121-176) and the 
nonstandard interpretation of a sum formula derived from the local heights on 
elliptic curves. 
One of the most remarkable recent results in number theory is the 
complete description of all elliptic curves defined over Q with cyclic Q- 
rational isogenies of prime degree due to Mazur in [2]. This description 
depends on the study of the mapping f of the Jacobian JN of X,,(N) onto the 
“Eisenstein quotient” 1 The first important thing is that J(Q) is finite cyclic 
of order n = numerator ((N- 1)/12) (cf. [l]), and the second fact is that in 
a neighborhood of (co), f is given by a power series Cz, a,q’ and the coef- 
ficients Ui are not too large. The first fact gives, by an easy geometric 
argument, that ]&(N)(Q)] is finite for N& 11; the second fact is used by 
Mazur to show that a curve with isogeny of prime degree 217 defined over 
Q has to have potentially good reduction outside 2. The arguments involved 
in this proof are geometric, related to reduction theory and formal geometry. 
Then computations using the result of [4] concerning Galois representations 
induced by the points of order N of elliptic curves give the result. 
So we have a very satisfying theory of isogenies of elliptic curves over Q, 
and one would hope to extend Mazur’s theory to arbitrary number fields K. 
In order to give ideas about the direction in which one could possibly 
advance we use the techniques of nonstandard extensions *K of K that are 
* Part of this paper was written when the author was a-visitor at Ohio State University, 
Columbus, Ohio. This visit was partly supported by the Deutsche Forschungsgemeinschaft. 
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described in [3]. By these methods we can transform a considerable part of 
the geometric considerations into arithmetic arguments and the infinite 
places play an important role, as it is typical for this theory. (Another 
typical effect is that we get less exact quantitive results: The nonstandard 
methods always prove only the finiteness of a set.) 
Using the nonstandard version of the finiteness theorem of Siegel and 
Mahler given in [3] we get that the finiteness of X,(K) is equivalent to an 
arithmetic axiom, Axiom A,, which claims that the reduction types of cyclic 
isogenies defined over K in places with bad reduction are determined by the 
type in one special place with bad reduction. The proof of this fact is rather 
formal; in order to understand the meaning of Axiom A, and of a more 
general Axiom B in a better way we look at a sum formula (that itself seems 
to be of some interest) for local heights related to isogenies (Section 3). We 
get this formula in a completely “standard way” for isogenies over K but the 
most striking interpretation of this formula is given in the nonstandard inter- 
pretation (formula (1 la)), where the differences between finite and infinite 
primes in *K almost vanish. The sum formula imposes strong conditions on 
the denominator of the j-invariant of an elliptic curve with cyclic isogeny; 
using the formula we can show that the number of K-rational cyclic 
isogenies of an elliptic curve whose invariant has a bounded denominator is 
bounded if K is totally real (Corollary 4.4), and if K = Q we get that there 
are (up to C-isomorphisms) only finitely many such curves with a cyclic Q!- 
rational isogeny (cf. Proposition 4.5 and part of the proof of 
Proposition 5.3). The fact that the denominator ofj is bounded makes it easy 
to use the formula, and now one sees that Axioms A, (resp. B) do exactly 
the same, and hence if K is a field satisfying Axiom B we get corresponding 
results for curves with nonintegral j-invariants. 
If we take K = Q to test our results we see that Axiom B is a consequence 
of the fact that J(Q) is finite of order n, and using the description ofJ 
JN --) .i’ interpreted over *C (for nonstandard N) 
we finally get that there are only finitely many curves with Q-rational cyclic 
isogenies of prime degree >I 1. (Of course the necessary input of results due 
to Mazur is so great that this is no “new and simple proof,” all that we did 
was replace some arguments of the reduction theory and of the formal 
geometry by the consideration of the sum formula and the infinite prime.) 
To conclude we want to emphasize that the use of nonstandard methods 
gives no magic tool to solve mathematical problems; in our case we tran- 
slated the finiteness condition for X(N)(K) into (standard) arithmetic 
properties of elliptic curves with K-rational cyclic isogenies (which we can 
only verify in the “well-known” case K = Q) and we found a sum formula 
for the j-invariant of such curves whose nonstandard interpretation over *K 
seems to be interesting enough to justify further investigations. 
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1. NOTATIONS AND DEFINITIONS 
1. In the following we fix a finite algebraic number field K over Q 
and MK are the places of K, {u,,..., v,} = MK,m the infinite places, and M;( 
the finite places. By ) Ij we denote the absolute value corresponding to ul 
(j = l,..., t) and normed in the following way: if uj is an embedding of K in 
C related with uj then for x E K we have: 
I x 1.j = I uj(x)l if uj is a real embedding 
= I uj(x>12 if uj is not real. 
For p E M;( let v, be the valuation in p with value group L, and 
N(p) = Norm of p. Then for all x E K* we have the relation 
,F, loiS lxlj = c up(x) WP). 
PAM; 
With K, resp. K(p) we denote the completion of K resp. the residue field with 
respect to p E 44;;. If L is an extension field of K then E is the algebraic 
closure of L. 
Let *K be a nonstandard extension of K as it is defined in [3]. If A is a 
mathematical structure defined over K then *A denotes the corresponding 
object that is defined over *K. 
EXAMPLES. *K is an algebraic field extension of *Q of degree [K: Cl!]. A 
place p E MK extends uniquely to a place of *K which we denote by the 
same symbol. The set of all these extensions form the subset of standard 
primes of *MK, where *MK denotes the set of all internal places of *K (as 
extension of K). The set of archimedean places in *MK is equal to u, ,..., u,. 
The value groups of valuations belonging to p E *MK are contained in *lR. If 
we define up and N(p) (p E *MK) analogously to the above we get again: For 
all x E *K we have 
Now *R contains R in a natural way, but *IF? has infinitely large numbers 
and infinitesimals. 
DEFINITION. If x, y E *IF? then 
x z y if x - y is infinitesimal. 
x&y if Ix-y/ finite, 
x 9 y if x - y is infinitely large. 
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Let K[X] be the ring of polynomials over K. Then *K[X] = {Cy=o a& 
NE *R\J, ai E *K}, and *K(X) = Quot(*K[X]). The analogous constructions 
can be done with several indeterminates. If we have chosen a fixed 
embedding of K in C this induces an embedding of *Kc *C, and we have 
*a= {x E *C, 3f(X) E *K[X] with f(x) = 0) + (*K). 
The most important principle we will use in order to prove theorems about 
K by using *K is the following: If S is an internal set of objects defined over 
*K and if S contains only standard objects, then S is finite. (For the 
definition of “internal” as well as for a detailed exposition of the 
nonstandard techniques see [3], a reference that we will use throughout the 
following without citing it.) 
2. Let E be an elliptic curve defined over K. E is determined (up to 
isomorphisms) by the absolute invariantj and the Hasse-invariant 6. We find 
an equation for E of the following type: 
y2 = x3 - g,x - g3 with g, E K, 
A = 4g; - 27g: # 0 and j=123.4.gi.A-1, 
6 5 - $8, . g, mod(K*)2 (if j # 0, 123). 
For any overfield L of K the L-rational points of E (together with the infinite 
point (co, co) as zero-element) form an abelian group, the addition is defined 
by rational functions with coefficients in Z [ g,, g,]. If n E N is given then 
the multiplication by n induces a homomorphism on E(K), and the kernel E, 
of this homomorphism has order n2. A point P = (x, y) is in E, iff 
P = (03, co) or x is a zero of a polynomial w,(x) E Z [ g,, g,, x] (of degree 
(n* - 1)/2 if n is odd). 
Let E,, E, be two elliptic curves defined over K. Let Q,, Q, be elements in 
K(x, y) such that for all (x1, YJ E E,(E) we have (Q,<x,, ~~1, Q2(xl, rl)) E 
E,(E) and the mapping v given by (x1, x2) -+ (Q,<x,, Y,), Q2(x19 YJ) is 
compatible with + (on E, resp. E2) and the kernel of q is finite. Then q is a 
K-rational isogeny from E, to E, of degree q := IKernel(q There is an 
isogeny w(v) from E, to E, that is K-rational too, and 
w(v) 0 tt = deg(rl) . id,, . 
Now assume that deg(q) = N E P, where P is the set of primes in n\l. Then 
there is exactly one subgroup of E,(K), generated by an element P E E(x), 
of order N such that kernel(v) = (P) and E, E E,/(P). (P) is mapped into 
itself by all automorphisms of CIK. We say: q is a cyclic K-rational isogeny 
of degree N. 
E, is (up to K-isomorphy) uniquely determined by the pair (E,, (P)). 
If ji are the absolute invariants of E, then (j, , j,) is a zero of the 
“invariant polynomial” Q&X, Y) E Z[X, Y]. X,,(N) is defined as the 
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nonsingular projective curve corresponding to the equation QPN(X, Y) = 0. 
Then there are two “cusps” (0) and (co) lying in X,(N)(K) such that the 
points x E -WWK)\W), (41 correspond to K-rational isogenies of degree 
N of elliptic curves (up to x-isomorphisms). If N > 23 then the genus of 
X,,(N) is larger than 1. The following proposition is well known (and easily 
proved by using the theory of Tate curves): 
PROPOSITION 1.1. Let NE Ip and ‘$ be the place of K(X) with 
uc4(X) = -1, us(K*) = 0. Let X, be a zero (in K(X)) of QN(X, I’). Then there 
are’ extensions Cl, and Q, of ‘p to K(X, X,,,) such that va,(X/XN) > 0 and 
%,V/XN) < 0. 
3. From the formulation of the well-known facts in 2 one sees 
immediately that one can define (for elliptic curves E defined over *K): 
(i) Multiplication with n E *iN: This is a homomorphism of E(*K) onto 
E(*@ described by elements P,, Q, E *(K(X, I’)). 
(ii) The kernel of this homomorphism E(*R),, is isomorphic to 
*L/n x *Z/n, and the X-coordinates of the points of order n are the zeros of 
a “*-polynomial” w, E *(Z [ g,, g,, Xl). 
(iii) Instead of isogenies we define “*-isogenies” q given by functions in 
*(K(X, Y)). The kernel of 9 is *-finite, and deg(v) = (ker(q)l E *N. 
(iv) If deg(l;l) = NE *lP is a prime, then ker(q) = (P), with P E E(*I?),\ 
and (P) is invariant under all automorphisms of *Q 1 *K. 
2. A CONDITION FOR THE FINITENESS OF /X,(N)(K)1 
In this paragraph N is a fixed prime in P, N > 23, and MN E N. 
DEFINITION. K satisfies Axiom A, with bound M, if for all isogenies ‘1: 
E + E, of degree N and defined over K we have: If there is a p,, E M;( with 
N(p,) > M,, v,,(j(E)) < 0 and v,,(j(E)/j(E,,,)) < 0 then for all p E iVf;( with 
N(P) > MN and u&(E)) < 0 we have u,(j(E)/j(E,)) < 0. 
Axiom A, (with bound MN) has an obvious interpretation in *K, and K 
satisfies A, if and only if *K satisfies A,. 
PROPOSITION 2.1. The following two statements are equivalent: 
(i) There is an M, such that K satisfies A, with bound IV,~. 
(ii) X,,(N)(K) is a finite set. 
ProofI That (ii) implies (i) is obvious, for there are only finitely manyj- 
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invariants we have to look at, and these invariants have only finitely many 
places in the denominator. 
(i) 2 (ii): Assume that ]&(N)(K)] = co. Then there is a point (j,j,) in 
X,(N)(*K)w,,(N)(K). K is algebraically closed in *K, and hence j is 
transcendental over K, and K(j, j,) is the function field of X,(N) over K. 
Let Q,, z1, be extensions of the place ‘$ t) l/j of K(j) to K(j, j,) such 
that u,,(j/j,,,) > 0 and u,,(jlj,) < 0. a, and Cl2 exist (Proposition 1.1). Now 
the nonstandard version of the theorem of Siegel-Mahler given in [3] implies 
the existence of places pi and p2 in *&\i& with pi JK(j, j,) = Q, and 
pz IK(j, j,) = 52,. Hence: 
v,,(j) < 0 and up, 4 > 0, 
(I JN 
v,(j) < 0 and Us 
But pi is a nonstandard place, and so N(pi) 9 0 for i = 1,2. Especially 
N(p,) > MN, and we get a contradiction to axiom A,. 
How can one verify Axiom A, (which should be valid for all number 
fields if Mordell’s conjecture is true for the curves X,(N))? One possibility is 
the following: Let JN be the N&on minimal model of the Jacobian of X,(N) 
over Z, and let A/Z be a quotient of JN, such that the images of the cusps (0) 
and (co) are different. Assume IA(K)1 < co. Then it is easy to see that 
Axiom A, is satisfied by K.’ 
In this case even more is true: K satisfies 
AXIOM B. There is a natural number M only depending on deg [K : Q] 
such that for all primes N > M the following is true: If q: E -+ EN is a K- 
rational isogeny of degree N and ifj and j, are the absolute invariants of E 
and E, and if there is a p0 E ML with v,(j) < 0 and v,(jlj,) < 0 then we 
have for all p E I& with v,(j) < 0: v,(jlj,) < 0. 
Of course Axiom B has an interpretation in *K (with the same M), and so 
we have for NE *lP\Ip: Either u,(jlj,) < 0 for all p E *Mk with up(j) < 0 or 
v&j/j,,,) > 0 for all such p. 
It is clear that Axiom B is true if there are only finitely many elliptic 
curves (up to K-isomorphisms) defined over K that have a K-rational 
isogeny of prime degree. In Section 5 we will try to see how far we can go in 
the converse direction. 
One main result in [ 1, 21 is that the Eisenstein quotient 3 of J,, has the 
right properties for K = Q: J(Q) = (Z) and ord(Z) = numerator of 
(N - 1)/12 = ord((0) - (co)) for N > 13. Hence Axiom B is valid for Q In 
(21 Mazur describes the behaviour of the mapping on f: JN+ J in a 
neighborhood of (co). This will be important in Section 5. 
’ If IA(K)1 < co then of course purely geometric arguments show that X,(N)(Kr is finite, 
too. 
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Now assume that we do not know if Axiom A, or B is true for a number 
field L 3 K. In this case we can prove “relative” statements. 
DEFINITION. An elliptic curve E defined over L is “balanced” (relative to 
K) if (for p E ML) z+,(j(E)) < 0 implies v,,(j(E)) < 0 for all p’ E ML with 
@(K = PJK. 
(Especially all curves defined over K are balanced, and if E is isogeneous 
to E’ and E is balanced, then E’ is balanced, too.) 
Let qN: E + E, be an L-rational isogeny of degree N between balanced 
curves with corresponding point x = (j, j,) in X,(N)(L). Let p be in ML with 
v,(j) ( 0. Then the order of x mod p in J,(L(p)) is either 0 if up(j/jN) < 0 or 
n = numerator of ((N - 1)/12) > 0. 
In the second case x is congruent to c mod p. Now apply the norm map of 
the extension L/K to x. Then NLIK(x) E J,(K) and the facts that the cusps of 
X,(N) are H-rational and that E is balanced imply: If n > deg(L : K) and if 
there is a p E Mf. with u,,(j) < 0 and x f (0) mod p then we have for 
$3 = pi K: N&x) & (0) mod ‘$3. 
We formulate a stronger version of Axiom A, for K: 
AXIOM Ah. There is a number M (depending on [K: Q]) such that for 
all y E J,(K) the following is true: If @r 5&, E ML) N(!&,) > M and y = (0) 
mod ‘Q, then we have for all ‘p E MI, with N(v) > M and y = c$ mod 8: 
y = (0) mod ‘p. 
(If K = Q then Axiom Ah is true for N > 13.) 
If K satisfies Axiom Ah then L satisfies Axiom A, restricted to balanced 
curves for n > [L: K], and so we get 
PROPOSITION 2.2. Assume that Axiom Al, is valid in K. Then for all 
extension fields L of K with [L : K] c n the set of C-isomorphy classes of 
balanced elliptic curves defined over L with L-rational isogeny of degree N is 
finite. 
Proposition 2.1 shows the importance of (the arithmetic) axiom A, for the 
finiteness of X,(N)(K) for a fixed prime N. One would hope that Axiom B 
should give some information for all N. But if one wants to use the 
nonstandard technique that gave the proof of the proposition one sees that *- 
isogenies have to be ‘considered, and so we have to describe X,(N)(*K) for 
NE *lP\P. But the theorem of Siegel and Mahler does not apply to these 
objects (“*-curve”), and hence we have to look for other global relations 
satisfied by points in X,(N)(*K). One relation of this type is given by the 
local heights that we will study in the next section. 
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3. LOCAL HEIGHTS ON X,(N) 
1. Following [5] the local height functions are derived from N&on’s 
“quasifunctions”: Let x be a point in X,(N)(K)\{(O), (co)} with NE P, 
N # 2, and 7: E + EN a corresponding K-rational isogeny with kernel (P). 
Let j be the invariant of E. 
If K, = K(P) then K, is a Galois extension of K with a cyclic Galois 
group whose order divides N - 1. Let u be a valuation of K and v, ,..., V, all 
extensions of u to K, with v,]K = e . f . V, where e is the ramification index 
and f the residue field degree of v in K,. Let dUi be the quasifunction on 
E x K, as defined in [5]. (We will give the explicit expressions for dUi 
below.) 
DEFINITION. 
6,(x) := jj Ni’ S,(P). 
j=l 1~1 
If c is an element in G(K, ]K) then the definition of 6,, implies 
and hence 
N-l N-l 
J”(X) = c c 6,, (iuP) = t . 2 6,,(P) 
i= 1 OEGWIIX)IG(V) i=l 
N-l 
= [K,: K] )J d&P), 
i=l 
where G(u) is the inertia group of v and w  is any extension of u to K, with 
wlK= u. 
Now we have a product formula in K if we norm u (and hence w) in a 
suitable way, and since P is a torsion point this implies that 
c d”(X) = 0, 
UaMK 
or (1) 
N-l 
C C UW = 0, 
wloaMr( i=l 
In order to exploit this formula we have to compute 6,(x) in several cases. 
First assume that u is a nonarchimedean valuation with u(j) > 0. Then E 
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has potential good reduction in v, and in order to compute 6,(iP) we can 
assume that E has good reduction in w  (cf. [5]), and hence 
d,(iP) = 0 if wtN 
= A. log N(u) if wJN 
with c,, E (-1, -4, -f}. 
This gives us 
c &(X) = 2 c, log N(v) = c; log N 
WsMi: MN 
cw>o Hi) > 0 
(2) 
where I&l < [K: CR] and the denominator of ck divides 6. 
Next assume that v(j) < 0. We can assume that E x K,,, is a Tate curve, 
and so our point P corresponds to an element 5”’ qr2’N in K,,,, where < is 
an Nth root of unity and q is the period of E x K, (w(q) = -v(j)). We can 
choose 01, , pz) with 0 < ,ui < N - 1, and @I ,,DJ is not equal to (0,O). 
The first case we look at is that y, # 0. This means: x s (0) mod u. Then 
formula B35 in IS] implies: 
N- 1 N- ’ 6i/N - 6i2/N2 - C 6&P) 1 N-l = C
i=l i= I 12 
v(j) = _I ,2N v(j). 
Using the normed valuation up we get: If p E M;Y, up(j) ( 0 and x z (0) 
mod p then 
N-l 
d,(x) = - 12N q,(j) . log NW. (3) 
If x = (CO) mod p then again formula B35 in [S] gives 
b(X) = -q i,(j) log N(p) + E, log N(p) (4) 
with 
E,= 1 if p\N 
=o if p#N. 
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Putting (2), (3) and (4) together we get 
12 c Ux) = c (1 - wpw 1% NP) 
USM;( PSh 
vpw < 0 
x =(o3)modp 
+ c y 
(5) 
v,(j) log N(P) + &II 
PSMk 
upw < 0 
x =(O)modp 
with E; = c; , IogN, c;E Z and ]c;] <24[K:Q]. 
Now we have to compute the local height of x in the archimedean places 
too. So let v, be an archimedean place. Assume that K,, = C (without loss of 
generality). Since 6,, is a function on the G-isomorphy classes of E we can 
assume that there is a tl E C with Im(t,) > 0, 1 Re(t,)] < 3 and ) rl], > 1 such 
that E x C = C/(E + s,P). 
Then P corresponds to ,u,/N + ,uJN r,, and by choosing P suitably we can 
assume that p, E (0, 1) and 0 <p, < N - 1. The period qr of E X K, is 
defined as q, = e2nit! 
In order to compute 6,,(x) we have to manipulate formula (C,,) in [5], 
and we get for any point Q = X, + x2 tl with Xi E IR: 
128,,(Q) = (6x2 -6~: - 1) 1% IqrIr 
- 121og (1 -t) fi (1 -q9)(l-qqmt-l) . 
m=l I 
with t = e2ni(Xl +QT/)+ 
We use this expression in the special case: Q = iP = i(p,/N + @JN) . t,): 
First assume that ,u2 = 0 (i.e., x is “near” (co) in K,,). We can take P to 
correspond to l/N, and so we get with c = eZnilN: 
126,,(iP) = -log 
or 
q,lr - 12 log (1 -r’) mJ, (1-4X)(1 -qYi 
i 1 
W,(x) = - (N- l)log IaIr 
N-l 
-12 log n (1 -C) fi (1 - q;“T’)(l -#r-l 
1=1 m=l I 
rI<l - 4TN12 
=-(N- l)lOgIq,It- 121Og Nna= (1 -qm)2 
m  1 I I 
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(6) 
Next we have to assume that ,u* = 1. We say: “x is near (0).” Let f, be 
equal to e 2~i(“l/Nt (l/Nh). Then we get: 
N-l 
126,,(x) = - 12N 1% Id, 
N- 1 
-12 log n (1 -tf) fi (1 -qrntf)(l -P+) 
i=l m=l I 
. (7) 
Formulas (5), (6) and (7) together with (1) give: 
c 
N-l = 
PEMi 
7 u&A log N(P) - c (N - l)u,(.d log N(P) + ~(8) 
PCMi; 
upci) < 0 U&i) < 0 
x =(O)modP x -(m)modp 
with e=c,,,.logN, C,EZ and ]c,]<48[K:Q]. 
2. Now let *K be again a nonstandard model of K and N E *P be, a 
prime. Then our formulas can be interpreted in *K and remain valid if we 
replace ikf& by *ML. 
Assume that N is infinitely large. Then an immediate consequence of (6) is 
that if x is near to (co) then 
126,,,(x) A -(N - 1) log )qJ, = a, 27~ Im(r,)(N - 1)) (9) 
with 
a,= 1, 0, real, 
= 2, v, complex. 
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If x is near to (0) we have to be a little more careful. It can happen that 
some power t;” is infinitesimally close to 1, and so we have problems in 
computing IA(t But in this case Im(t,)/Ns 0, and the worst case is that t, 
is real and positive: We have to estimate [A([ t,l)l,. But then 
A(e- Inlm(rr)/N)) = ( Imy) -‘24e-2”‘~,‘mh’), 
and hence: 
N-l 
126”,(X) L --y- 1% 14, I, 
N-l =--. a .27rIm(rJ 
N ’ 
if Im(t,) C N 
or 
126,,(x) ( a, 
N 
2n Im(t,) + 12 log 
N 
2n - - 
( 1) 
- 
*mh) *mh) 
if Im(t,) Q N. 
Using (9), (lOa) and (lob), we get from (8): 
c loglq1lr$- c l%Ml 
WEMK,cc W~MK,W 
xnear(m) xnear(0) 
A + c 
VE’Mk 
@I 1% N(P) - p;Mk v,(j) 1% N(P) 
upw<o upw < 0 
x -(O)modp x -(co)modp 
(lob) 
(11) 
and we can replace I by z if Im(r[) %- 0 for all 1 with x near (0) in K,,. 
Now for 1 = l,..., t we have log ljl, A - log (q,l,, and hence we can rewrite 
(11) in the following form: 
E l “,&, log IA,- c 1% IA, 
mew(O) 
vrsMK.m xllermco) 
. 1 =- 
N c u&l log N(P). PE’Mir 
up(i) i 0 Vpci) < 0 
(114 
x -(O)modp x =(co)modp 
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4. ISOGENIES OF CURVES WITH INTEGRAL~~NVARIANTS 
OVER TOTALLY REAL FIELDS 
In this paragraph we assume that *K is a nonstandard model of a totally 
real number field K of degree m. Assume that E is an elliptic curve defined 
over *K with integral j-invariant j having a *K-rational isogeny 9 of degree 
N (NE *lP). The corresponding point in X,(N)(*K) is, usual, denoted by x. 
If v I,-.*, v, are the archimedean internal places of *K then assume that x 
is near (0) in *K,i r *IF! for j= l,..., k, and that x is near (co) in *K?, for 
j = k + l,..., m. 
r] is defined over *K,,i = *R, and this implies that the local periods qi are 
reals; hence 
rj = i Im(rj) if q,>O 
= j + i Im(rj) if qj < 0, 
and if x is near to (0) and P = ,uj/N + ( l/N)rj generates the kernel of q in K,., 
then 
pi = 0 if qj>O 
N-l 
for I<j<k. 
=- 
2 
if qj<O 
So (after changing the numeration if necessary) we can assume: 
pj = 0 for 1 <j<l 
N-l 
1uj = 2 
for I+ 1 <j<k, 
andxnear (co)forj=k+l,..., m.. 
Now it is possible to determine fj: We have 
f, = 
J 
e(-2xIm(rj)/N) 
9 j = l,..., 1, 
_ e(-2nIm(rj)lN) 3 j = 1 + l,..., k. 
If (for 1 <j < k) Im(rj)/N z& 0 then we get (formula (10a)) 
Now assume that Im(rJN x 0 and 1 <j < 1. Then we can restate (lob) in 
the form of an equality: 
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log 4%) 
I I - -2x 
N 
A(tj) j
- - 27r Im(rj) + 12 log N - 12 log Im(ri) 
Imtrj) 
and we can replace A by z if Im(rj) s 0. 
The next case we have to look at is 1+ 1 <j < k and again Im(rJN z 0. 
Then 
rj+(N- 1)/2 _ 1 -I* 
N 
> 
. A@ Zni(1/2+N/41m(rj)) > 
OI- 
12 log N + 12 log(Im(rj)). 
We put all the results of the computations made above in to formula (8), 
and we get: 
j=l 
Im(?j)lN *O 
+ 
2= N - Im(rj)* 
Wrj) 
+ 
2n N - 4 Im(rj)’ 
4 Im(tj) 
Im(zj)/N “0 
+ ,=$+ l 24N- 1) Im(rj) 
A c, log N, (12) 
where cN E E and Ic,I < 48~. 
This formula imposes strong conditions on j. For example, assume that 
there is an isogeny, r&, of EN defined over *K with q; o qN # fN I id,. If 
j E (I,..., k} and Im(rj)/N z 0 then 
N 1 . N .- 
‘NJ=’ lm(rj) Or ‘NJ = T  ’ ’ ’ 2’ 
Now if kernel ‘($,) = {P’), and P’ = (l/N) . rj,N or P’ = (N - 1)/2N + 
(l/N) rj,Fv respectively, then we would get: $,,(EN) = E, and so E would be 
a curve with complex multiplication, and this implies: j E K (since there are 
only finitely many curves with complex multiplication defined over K). 
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So avoiding this special case we can use formula (12) for (EN, r&) and 
get: 
I 
+ s 
2R NZ - Im(zj)’ 
W7.J 
+ 12 log 
j=l 
0 *IlTl(Tj)lNQN 
k 
+ -v 
N* - 4 Im(rj)’ W7j) 
j=l+* 4 Im(sj) 
+ 12log7 
N 
o*Irn(~j)/N<N 
I 
+ r p, 
2nNN- 1) + 
W7j> 
i 
j=l+ 1 
272 ( (;Tnf:r:)N) 
.I 
IIll(Tj)lNZO Im(rj)/N z0 
+ 2 2nN(N- l)Im(rj)-c;. 1ogN. 
.j=k+ 1 
(12’) 
Comparing (12) and (12’) we get a contradiction if either N E *lP\P or 
j E *K\K (for then at least at one place vi we have Im(sj) 9 0). 
Hence we have proved the following. 
PROPOSITION 4.1. If N is a nonstandard prime or E is a nonstandard 
elliptic curve defined over *K with integral j-invariant then E has no *K- 
rational cyclic isogeny of degree N*. 
The standard version of this proposition is 
COROLLARY 4.2. Let K be a totally real number field. Then there are 
only Jinitely many elliptic curves with integral j-invariants (up to c‘- 
isomorphisms) defined over K that have a cyclic K-rational isogens whose 
degree is a square. 
The next step is to prove 
PROPOSITION 4.3. If E is defined over *K and has an integral j- 
invariant then E has only finitely many *K-isogenies with cyclic kernels. 
Proof. Assume that ‘there are infinitely many primes N = N,,, 
N N,,..., 1 ,***, such that E has a *K-rational isogeny of degree N,. 
If the numbers ki and Ii are (with respect to Ni) analogously defined as k 
and I were with respect to N we can assume: For all i we have kj = k and 
Ii = 1. Moreover we can assume that Im(r.j)/N z 0 iff Im(7.i)/Ni z 0 for all i. 
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Hence (12) (for N and Ni) gives: 
j=l 
Im(rj)/N*O 
+ i 2nSf i: =;--(:I 
j=l J j=I+l J 
Im(s/vN”O Itll(rj)lN ZO 
m 
+ j=T+, 2$N - Ni) IIll = CN log N- CN~ log Ni + EN,N~ (13) 
with c,, cNi E Z, 1 cNI < 48 m, JcN,l < 48 m, and 
Im(rj)/NaO 
+ c 
j=it 1 
I”l(TJ/N) “0 
and E’ is finite. 
There are only finitely many possibilities for cN,, and so we can assume 
that c, = cN,. 
Now multiply (13) by 1/2acN, - N). Then: 
Im(tj> 
j=l N . Ni 
lm(~,j)lNLO Im(TJ)/N zo I”l(TJ)/N =o 
cc . log(NIN,) h? 
N 27r(N,-N) + 27r(N,--N) - 
We use now qN,(E) instead of E and the resulting equation compared with 
(13a) gives: m = k. Using Eq. (12) gives an estimation for 
i: Im(rj), 
j=l 
Im(rjVNBO 
and this gives 
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is finite, and hence 
But this implies: Im(rj) $0 for j = l,..., m. Hence we can assume (after 
replacing E by qN,(E)) if necessary that Im(rj)/Ni FZ 0 for infinitely many Ni 
and j = l,..., m, and this means that (13a) degenerates to 
and in the description of E~,,,~ as given above we have: E’ = 0. 
Again by applying a suitable isogeny we can assume that at least one 7i 
has Im(rj) < N”*, and hence xi = N - Ni Q NLf2. But for 0 < x < N”* one 
checks (for example, by using derivatives) that there are only finitely many 
intersections of the function 
Ex..h,-x+C.vlog (If&) with +&+j$l&)T 
and so we finally get our contradiction, and the proposition is proved. 
Remark. The proof of Proposition 4.3 shows that there is a bound that 
only depends on [K: Cl!] for the number of cyclic isogenies of E of prime 
degree rational over *K. 
Hence we get (with 7(d) = #{divisor of d E N }: 
COROLLARY 4.4. There is a number M( [ K : 621) such that for all elliptic 
curves with integral j-invariant and cyclic isogenies q of E that are K- 
rational we get: t(l ker(q)l) < M. 
Now we look at the special case K = CR. We have m = 1 and (with 7 = 7,): 
Im(r) % 0 if E is not a standard curve. 
We get from formula (12): 
27cN 
- - 2n Im(r) + 12 log(Im(r)) - 12 log N z c,v f log N 
Wr) 
(if q > 0) (14) 
or 
7tN 
-----2zIm(r)+ 12log(Im(t))- 1210gNzcc,logN (ifq<O). (15) 
2 Im(7) 
Let us look at (14). One sees at once Im(r) =: N”‘, and if 7,&, belongs to 
q,JE) then Im(t,) z N”*, too (since 7 rN = N). 
The function f((X) = 27rX* - 12X log X + X( 12 log N - cN log N) - 2nN 
has a derivative f’(X) whose value at the place N”2 is equal to 
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47rN”’ + 6 log N - 12 + c, log N, and this is an infinitely large number. 
Hencef(X) cannot have two different zeros both infinitesimal near to N”*, 
and hence Im(r) = N”* = Im(r,J. So we get: E has complex multiplication, 
but then E has to be a standard curve, and N a standard prime. In the same 
manner one shows that (15) implies Im(r) = N”*/2, and again E has to be a 
standard curve. 
Hence we proved 
PROPOSITION 4.5. There are only finitely many elliptic curves defined 
over 68 (up to C-isomorphisms) with integral j-invariant admitting a cyclic 
Q-rational isogeny. 
Remarks. 1. If one looks at elliptic curves whose j-invariants are 
integral outside a given finite set S of places of *K one can get results 
similar to 4.1-4.4. (The bound then depends on the number of places in S.) 
2. For K = Q we get Proposition 4.5 again by reduction theory of elliptic 
curves as developed in [2; 4, Section 51. 
3. The condition that K is a totally real field was used in order to get a 
simple description of the kernels of the isogenies. It seems (and should be) 
possible to drop this condition. In the case of a quadratic imaginary field one 
gets an analogue of Proposition 4.5: The only curves with cyclic isogenies of 
arbitrary high degree with integral invariants are the curves with complex 
multiplication corresponding to fields with class number 1. 
5. ISOGENIES OVER FIELDS SATISFYING AXIOM B 
We assume in this section that K is a number field of degree m satisfying 
Axiom B. Let E be an elliptic curve defined over *K with a *K-rational 
isogeny 17 of degree NE *lP\lP with corresponding point x E X,,(N)(*K). We 
assume further that j(E) is not an integer of *K. Our aim is to prove that E 
has only finitely many cyclic *K-rational isogenies. 
We assume that x 3 (co) mod p for all p E *Mk with v,(j) < 0. (It is a 
consequence of Axiom B that either qN or w(v,,,) satisfies this assumption.) 
For the infinite places we use the same notations as in Section 4, and we 
get 
ajImCrji) . 
j=k+l 
+ &, (-v&j)) 1% N(P) + 8, (16) 
cpi.0 <0 
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with 
We assume that N, E *IF has the same properties as N, but N, # N. There 
is an *K-rational isogeny qIN, : E + E,, and if xi corresponds to qn;, then 
x, = (00) mod p for v,(j) < 0, and x, near (co) in K, forj = k + l,..., t. 
If E has infinitely many cyclic *K-isogenies then Axiom B implies that 
there are infinitely many N, satisfying these conditions if we choose N 
appropriately. 
The curve E,, has an induced isogeny $,, of degree N, and this isogeny 
gives us the formula 
$(sl aj Im(7;) = N ) . 1’ (211 j=$+l aj1m(Tj) 
+ peTMi (-VP(j) 1% N(P)) 
1,pf.i) < 0 
(16’) 
(here 7; corresponds to E, in KU,). 
Now assume that Im(t,!) > N, Im(5) for j E { l,..., k). Then: 7j = 
(7; + h)/N, with some h, and so Im(7j) = N, Im(sj), and this would imply 
that xi is near (co) in K,. We know even more: Since (277/N) (z=, oj 
Im(7j)) 4 0 we have a j with Im(tj)/N 4 0. Hence we have for this j: 
Im(7j’) k Im(rj)/N1 if N, < N, and so 
-N, Im(sj) + Im(7;) . -1 
N . N, 
= N Im(tj) + 2; 6 0, 
1 
and hence (16’) leads us to a contradiction. 
So we proved: 
PROPOSITION 5.1. If K is a number field satisfying Axiom B then there is 
a bound M(K) such that any elliptic curve with nonintegral j-invariant has at 
most M(K) K-rational cyclic isogenies. (If K is totally real this is true for all 
j-invariants.) 
To end we assume that K is equal to Q. (If K is a quadratic imaginary 
field then some of the results can be proved in this case too; cf. [ 2 1.) In this 
case formula (16) gives: 
$ *m(z) = c -up(j) log N(p) + 6, (17) 
p~*Min 
upw < 0 
with 6, z 746 Im(7). 
641!1213-6 
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We assume: NE *P\P, so j @ CR, and hence we have either Im(r) + 0 or 
there is a p E *it4& with -v,(j) log N(p) % 0. 
In the latter case (17) implies again that Im(r) 9 0. So 6, x 0, and we 
have: 
,zMk -up(j) 1% NP) ad 
UpU) <o 
hence Im(r,) $0, where tN belongs to I]&?) in *lR. 
At first assume that the denominator ofj is bounded. Then E has poten- 
tially good reduction in all primes p that are larger than a finite number po. 
In particular, E has potentially good reduction in N, and using the results of 
[4], just as described in [2], concerning the Galois representation of 
G(*nl*Q) given by the action on the points of order N, we get a 
contradiction: There is a standard prime P such that E has potentially good 
reduction modp, and in the trace formula in Corollary 6.1 of [2] for the 
Frobenius with respect to p we get equalities (as N 9 0) that contradict the 
Riemann hypotheses for elliptic curves defined over finite fields. 
Remark. We could say more about the reduction type of E. Assume 
q > 0. If 7N is finite then we get from (8) and (12): 
zn N - W7JZ 
Im(7.J 
+ 121o+c,. IogN-(N-l) c pE’Mh up(j) lotit N(P), 
opw < 0 
or 
-%-z -Im(t,) c v,(j) log N(p). 
N-l ps*hf6 
qcif<o 
As Im(t,) > 1 we get: 
2 -up(j) bit N(P) < 27~ 
PE’M& 
upw < 0 
A similar computation shows that, if q < 0, we get also: 
- pe;b q4.d N(P) < 27~ 
Upci) < 0 
So we get: If E has a *Q-rational isogeny of degree N (NE *lP\lP) and thej- 
invariant has a bounded denominator then this denominator is at most equal 
to 6. 
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This result is for j-invariants with bounded denominator an analogue of 
Corollary 4.4 in 121. 
Now assume that Im(r,)/N# 0. Then (EN, w(vN)) is infinitely near to 
(co). In order to prove that (EN, w(qN)) cannot exist we have to use the 
description of the behaviour of the mapping f: J?(N)/*Z -+I/*Z near (oo), 
given in (21: Near (co) f is given by a power series xi”=, aiqi, a, is finite (it 
can happen that 2 la,, but +(a,) has to be finite), and the ~li)s are not 
growing too fast: They can be defined inductively by using eigenvalues of 
Hecke operators. Mazur used this description to prove that f is formally 
unramified in primes other than 2 in (co), we use this to show that a point 
lying infinitely near to (co) in X,(N)(*@) is not mapped intof((0)). Hence 
f(x,) +f((O)). But as x, = (0) mod p for a p E *Mb with v,(j) < 0 we must 
have: f(x,) =f((O)), and hence we have obtained a contradiction. 
So we proved the following: 
PROPOSITION 5.2. There is no elliptic curve defined over *Q having a 
*Q-rational isogeny with cyclic kernel of degree N + 0. 
The standard version of this proposition gives us a qualitative equivalent 
of the result of Mazur in ]2], where he determines all isogenies of prime 
degree being rational over Q. 
COROLLARY 5.3. There is an M E n\i with the following property: If E is 
an elliptic curve defined over Q with a cyclic Q-rational isogeny of degree 
larger than M then the denominator of the j-invariant of E is bounded by 6, 
and hence there are onlyjmitely many elliptic curves (up to C-isomorphisms) 
having a C&rational isogeny of prime degree greater than I. 
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